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Abstract
Let K be a convex polyhedron in Rn with non-empty interior, and P1, P2, . . . , Pm , m ≥ n+1, are vertices of K .
Then K is the union of finite number of n-dimensional simplices {∑n+1i=1 ti Pji : ti ≥ 0,∑n+1i=1 ti = 1} for which the
convex hull of the (n −1)-dimensional circumscribed sphere of vertices Pj1 , Pj2, . . . , Pjn+1 contains K . The result
is applied to solve a linear programming problem concerning the circumscribed sphere of a convex polyhedron.
© 2005 Elsevier Ltd. All rights reserved.
Compact convex sets and convex polyhedra play an important role in many branches. The authors
of this paper studied this object to describe the q-numerical range of a normal matrix [2] and normal
operator [1]. Such investigation involved the circumscribed circle of a convex polygon. At first, we have
a geometric result for the circumscribed sphere of a convex polyhedron.
Theorem 1. Let K be a convex polyhedron in Rn with non-empty interior, and P1, P2, . . . , Pm, m ≥
n + 1, be vertices of K . Then K is the union of finite number of n-dimensional simplices
[Pj1, Pj2, . . . , Pjn+1] =
{
n+1∑
i=1
ti Pji : ti ≥ 0,
n+1∑
i=1
ti = 1
}
for which the convex hull B of the (n − 1)-dimensional circumscribed sphere of vertices Pj1 ,
Pj2, . . . , Pjn+1 contains K .
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Proof. We prove the theorem by mathematical induction on dimension n of the convex polyhedron K .
If n = 1, we may assume that the points P1 = a1, . . . , Pm = am with a1 ≤ a2 ≤ · · · ≤ am . Then the
line segment B = [a1, am] satisfies the condition.
We assume that n ≥ 2 and the assertion holds when the dimension is less than n. Suppose that K is a
convex polyhedron in Rn with vertices P1, P2, . . . , Pm . We take a hyperplaneΠ of Rn which contains n
vertices Pj1, . . . , Pjn satisfying
Π ⊃ {t1 Pj1 + · · · + tn Pjn : t j ∈ R, t1 + · · · + tn = 1}.
By using a suitable rotation and a translation, we may assume that the hyperplane Π satisfies
Π = {(x1, . . . , xn−1, xn) ∈ Rn : xn = 0}.
By the assumption of the mathematical induction, the (n − 1)-dimensional convex polyhedron K ∩ Π
is the union of finite number of (n − 1)-dimensional simplices satisfying the conditions of the theorem.
For simplicity, we assume that [P1, . . . , Pn] is an (n − 1)-dimensional simplex contained in K ∩Π , and
Pn+1, . . . , P are other vertices of K ∩ Π . Let P0 ∈ Π be the center of the circumscribed sphere of
P1, P2, . . . , Pn , and r > 0 be the radius of the sphere. Then
〈Pj − P0, Pj − P0〉 = r2, j = 1, . . . , n
and
〈Pj − P0, Pj − P0〉 ≤ r2, j = n + 1, . . . , .
By a translation, we may assume that P0 = 0. Let P+1, . . . , Pm be vertices of K which do not lie onΠ .
We examine a necessary and sufficient condition under which there exists an (n −1)-dimensional sphere
passing through P1, . . . , Pn and Pj for some  + 1 ≤ j ≤ m and the corresponding closed ball contains
all vertices P1, . . . , Pm . If C = (c1, c2, . . . , cn−1, a) is the center of such a sphere, then
〈Pj − C, Pj − C〉 = 〈Pj − (c1, c2, . . . , cn−1, 0), Pj − (c1, c2, . . . , cn−1, 0)〉 + a2
= 〈P1 − C, P1 − C〉
for j = 1, 2, . . . , n. This implies that (c1, c2, . . . , cn−1) = (0, 0, . . . , 0). Hence, if such a sphere exists,
it is of the form
S(a) = {P ∈ Rn : 〈P − (0, . . . , 0, a), P − (0, . . . , 0, a)〉 = r2 + a2}
for some a ∈ R. We denote by B(a) the closed convex hull of S(a).
We consider the two cases. Case 1: Π is a support of K . In this case we may assume that every
vertex Pj = (a( j)1 , a( j)2 , . . . , a( j)n ) of K satisfies a( j)n ≥ 0. Case 2: There exist two vertices Pj1, Pj2
with a( j1)n > 0 and a( j2)n < 0. We assume that a( j)n > 0 for j =  + 1, . . . , m′, and a( j)n < 0 for
j = m′ + 1, . . . , m. If a > 0 is sufficiently large, it may happen that the sphere
S(a) = {P ∈ Rn : 〈P − (0, . . . , 0, a), P − (0, . . . , 0, a)〉 = r2 + a2}
contains all Pj for j =  + 1, . . . , m′. But such a sphere may fail to contain Pj for some m′ ≤ j ≤ m.
A similar situation may occur even if we choose a < 0 with sufficiently large |a|. A suitable constant a
is obtained in the following way.
M.-T. Chien, H. Nakazato / Applied Mathematics Letters 18 (2005) 1199–1203 1201
We define a j ∈ R,  + 1 ≤ j ≤ m, by
a j =
(
n∑
k=1
a
( j)2
k
)
− r2
2a( j)n
. (1)
In the second case we define
a0,+ = max{a j :  + 1 ≤ j ≤ m′}, a0,− = min{a j : m′ + 1 ≤ j ≤ m}.
In the first case, we define only a0,+ for m′ = m.
For  + 1 ≤ j ≤ m, we compute that
n−1∑
k=1
a
( j)2
k + (a( j)n − a j )2
=
n∑
k=1
a
( j)2
k + a2j − 2a j a( j)n
= r2 + a2j . (by (1))
If  + 1 ≤ j1 
= j2 ≤ m′ and a j1 ≤ a j2 , we have that
n−1∑
k=1
a
( j1)2
k + (a( j1)n − a j2)2
=
n−1∑
k=1
a
( j1)2
k + (a( j1)n − a j1)2 − 2a( j1)n (a j2 − a j1) + (a2j2 − a2j1)
= r2 + a2j1 + a2j2 − a2j1 − 2a
( j1)
n (a j2 − a j1)
≤ r2 + a2j2 .
Hence we obtain the inclusion
{Pj :  + 1 ≤ j ≤ m′}
⊂ {P ∈ Rn : 〈P − (0, . . . , 0, a0,+), P − (0, . . . , 0, a0,+)〉 ≤ r2 + a20,+}.
Similarly, we have
{Pj : m′ + 1 ≤ j ≤ m}
⊂ {P ∈ Rn : 〈P − (0, . . . , 0, a0,−), P − (0, . . . , 0, a0,−)〉 ≤ r2 + a20,−}.
Hence, the closed ball B(a) satisfies {Pj :  + 1 ≤ j ≤ m′} ⊂ B(a) if and only if a ≥ a0,+. Also
{Pj : m′ + 1 ≤ j ≤ m} ⊂ B(a) if and only if a ≤ a0,−. Thus there exists a circumscribed sphere
B(a) of K if and only if the inequality a0,+ ≤ a0,− holds. If this condition is satisfied, then there exist
two circumscribed spheres S1, S2 to K which satisfy the following conditions: (i) the sphere S1 passes
through P1, . . . , Pn and Pj for some  + 1 ≤ j ≤ m′, (ii) the sphere S2 passes through P1, . . . , Pn and
Pj ′ for some m′ + 1 ≤ j ′ ≤ m.
We denote by K1 the union of all n-dimensional simplices [Pj1, Pj2, . . . , Pjn+1] whose circumscribed
spheres are circumscribed to K . Then K1 is a closed subset of K and the boundary of K is contained
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in K1. Suppose that K \ K1 is a non-empty open set. We take a point P of K1 such that (i) P
is an interior point of a face [Pj1, Pj2, . . . , Pjn ] of an n-dimensional simplex whose circumscribed
sphere is circumscribed to K ; (ii) every neighborhood of P contains a point of K \ K1. By the above
argument, the interior of the face [Pj1, Pj2, . . . , Pjn ] is contained in the interior of K . Since the simplex[Pj1, . . . , Pjn+1] is contained in K1, we obtain another n-dimensional simplex [Pj1, . . . , Pjn , Pj ′ ] whose
circumscribed sphere is circumscribed to K . The union of these two simplices contains a small
neighborhood of P . This contradicts the assumption on P . Thus we have K = K1, and the proof is
complete. 
In [1], the authors of this paper obtained a result analogous to Theorem 1 for an arbitrary compact
convex set K in Rn when n = 2. The assertion of Theorem 1 for a general compact convex set K in
Rn, n > 2, is still an open question.
Applying Theorem 1, we solve a linear programing problem concerning the circumscribed sphere of
a convex polyhedron.
Theorem 2. Let Pj = (a( j)1 , a( j)2 , . . . , a( j)n ) ∈ Rn, j = 1, 2, . . . , m, with m ≥ n + 1, and let
Q = (b1, b2, . . . , bn) be a fixed point in K = conv{P1, P2, . . . , Pm}. Then the function defined
by
f (t1, t2, . . . , tm) =
m∑
j=1
n∑
k=1
t j a
( j)2
k , (2)
subject to the constraints, t j ≥ 0, t1 + t2 + · · · + tm = 1, and
t1 P1 + t2 P2 + · · · + tm Pm = Q,
has a maximum at (t(0)1 , t
(0)
2 , . . . , t
(0)
m ) with t(0)j = 0 except (n + 1) indices.
Proof. Let 〈 , 〉 be the standard inner product on Rn . If we replace the canonical orthonormal basis
{e1, e2, . . . , en} by an arbitrary orthonormal basis f1, f2, . . . , fn and express a point P of Rn in two
representations P = ∑nk=1 ξkek = ∑nk=1 ηk fk , then ∑nk=1 ξ2k = ∑nk=1 η2k . As a consequence of this
invariance, the objective function given by (2) is invariant under orthogonal transformations. We consider
a translation T on Rn:
T (x1, x2, . . . , xn) = (x1 + a1, x2 + a2, . . . , xn + an).
Then the condition t1 P1 + · · · + tm Pm = Q is equivalent to that of t1T (P1) + · · · + tmT (Pm) = T (Q),
and the objective function satisfies the equation
m∑
j=1
n∑
k=1
t j (a
( j)
k + ak)2 =
m∑
j=1
n∑
k=1
t j a
( j)2
k + 2
n∑
k=1
akbk +
n∑
k=1
a2k ,
under the condition t1 P1 +· · · + tm Pm = Q. Although the value of the objective function changes under
a translation, the maximum point (t(0)1 , . . . , t
(0)
n ) of the objective function is invariant under a translation.
If Q is a boundary point of the convex polyhedron K , then we have n vertices Pj1, . . . , Pjn whose
convex hull contains Q. By using suitable reduction, we may assume that Q is an interior point of K .
By Theorem 1, there exist a closed ball B with center A = (a1, a2, . . . , an) and radius r > 0 and n + 1
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vertices Pji , i = 1, . . . , n + 1 satisfying
〈Pji − A, Pji − A〉 = r2 and
n+1∑
i=1
t(0)ji Pji = Q,
for some t(0)ji ≥ 0, i = 1, . . . , n + 1, and t
(0)
j1 + · · · + t
(0)
jn+1 = 1 and the remaining vertices Pj satisfy
〈Pj − A, Pj − A〉 ≤ r2.
Then the objective function
f (t1, . . . , tn) =
n∑
j=1
t j 〈Pj , Pj 〉 =
n∑
j=1
t j 〈Pj − A, Pj − A〉 + 〈2Q − A, A〉,
has the maximum value r2 + 〈2Q − A, A〉 at (t(0)1 , . . . , t(0)m ) where t(0)j = 0 except for n + 1 indicesj1 < j2 < · · · < jn+1. 
As a consequence of Theorem 2, we have the following result.
Theorem 3. Let K be a compact convex set in Rn and Q be a point of K . Denote by ext(K ) the set of
all extreme points of K . For m ≥ n + 1, the function f defined by
f (t1, t2, . . . , tm ; P1, P2, . . . , Pm) =
m∑
j=1
t j 〈Pj , Pj 〉
on the set
∆ = {(t1, t2, . . . , tm; P1, P2, . . . , Pm) : t j ≥ 0, t1 + · · · + tm = 1,
P1, P2, . . . , Pm ∈ ext(K ), t1 P1 + · · · + tm Pm = Q}
assumes its maximum at a point in ∆.
Proof. By a theorem of Carathéodory (cf. [3]), the point Q of K is expressed as t1 P1 + t2 P2 + · · · +
tn+1 Pn+1, for some extreme points P1, . . . , Pn+1 and t j ≥ 0 with t1 + · · · + tn+1 = 1. By Theorem 2,
the supremum of f on the set∆ coincides with the supremum of f on the compact set
∆n+1 = {(t1, . . . , tn+1; P1, . . . , Pn+1) : t j ≥ 0, t1 + · · · + tn+1 = 1,
Pj ∈ ext(K ), j = 1, . . . , n + 1, t1 P1 + · · · + tn+1 Pn+1 = Q}.
Since the function f is continuous on set ∆n+1, the function f attains its maximum on this set. 
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